Abstract. In this paper we study the existence of periodic solutions for some nonlinear systems of differential equations. We assume the nonlinearity satisfies suitable properties in one direction and we consider both the singular and the nonsingular case. As an application we present the existence of collisionless orbits for singular Lagrangian systems where the singular potential can have an attractive or repulsive behaviour near the singularity and we do not need to consider so-called strong force conditions. Our method is based on fixed point index theory for completely continuous operators, involving a new type of cone. In contrast with previous work using this type of technique, the nonlinearity neither needs to be positive nor to have a constant sign behaviour. The results improve recent work even in the scalar case.
1. Introduction. We are interested in establishing the existence of T -periodic solutions for systems of the type
and
where k ∈ R and f (t, u) is a continuous vector valued function, periodic in t with period T , and f is allowed to have a singularity when u = 0. An important example is the study of the classical n-body problem where the question of existence of collisionless periodic orbits for Lagrangian systems with singularities has attracted much attention both in mathematics and physics over many years. Variational approaches seem to be the more extensively used technique (see [2, 5, 12] and references therein) although other approaches have been considered (see [13, 15] and references therein).
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In this paper we shall present results which, in particular, guarantee the existence of collisionless solutions for periodically forced Lagrangian systems with a singularity at the origin. Specifically, for V ∈ C 1 (R N \ {0}, R) satisfying lim x→0 V (x) = +∞ we shall consider the problems − u + ∇V (u) = p (attractive singularity)
and u + ∇V (u) = p (repulsive singularity) (4) where p : R → R N is a continuous T -periodic function. These systems correspond to taking f (t, u) : x, x . In a recent nice paper [13] , P.J. Torres considered the systems (3) and (4) and gave conditions which guaranteed the existence of non-collision orbits by using the Krasnosel'skiȋ fixed point theorem in conical shells [10] . The key assumptions in Torres's paper are the existence of a vector v ∈ R N + such that lim
together with some properties of the function (5) with respect to the scalar product v, ∇V u and the norm | · | v defined by
Although not explicitly stated in [13] , a careful reading of the proof of the main result (Theorem 3.1) shows that it is necessary to have all components of the function (5) nonnegative. More precisely, to guarantee that a Hammerstein operator called A leaves a certain cone invariant it is assumed that
which, since the kernel that defines the Hammerstein operator is positive, requires all the components of f to be positive. The use of conditions relative to a vector v ∈ R N + in [13] motivated our study. However, there are some differences in our approach. We do not need to consider the norm (6), we can consider an arbitrary norm on R N . Instead of a vector v ∈ R N + we allow a general direction e ∈ R N with |e| 2 = 1 and impose some suitable conditions on the inner product e, f (t, x) . Notice that, for a nonzero vector such that e ∈ R N + , the expression in (6) does not define a norm and therefore results in [13] are not applicable. An advantage of our method is that it allows, apparently for the first time in the literature, more general nonlinearities which do not need to have a constant sign behaviour.
Non-singular systems, which are included in the same framework that we study here (i.e., they can be reduced to a Hammerstein integral system with positive kernel), have been considered using some other approaches based on fixed point theorems in conical shells, but previously it has always been assumed that the nonlinearity f (t, x) has a constant sign behaviour: f i (t, u) θ i ≥ 0 where θ i ∈ {1, −1} for 0 ≤ i ≤ n (see [3, 6] ).
Even in the scalar case the existence of periodic solutions for problems with singularities has commanded much attention in recent years (see [9, 11, 14, 16] and references therein). In particular, in [9, 14, 16] fixed point theorems in conical shells are used to obtain existence and multiplicity results, some of these are improved in this paper.
We first prove results in the case where f has no singularity. We show existence of at least one and at least two solutions under suitable conditions on f . We then study the singular problem and by means of a cut-off and an extension theorem we are able to utilize the results just obtained for the non-singular case.
We give an example in the singular case and compare our results with previous ones. This shows that our better estimates give distinct improvements.
2. Preliminaries. We establish some notation and results that we shall need in the paper.
have unique solutions u and v given respectively by
where the Green's functions
The following well known properties can be found, for example, in [14] .
Lemma 2. The continuous functions G 1 and G 2 are positive. Moreover
Then the Green's functions satisfy
Let E be a Banach space. We say that K ⊂ E is a cone if it is closed, nonempty, K = {0} and whenever x, y ∈ K and λ, µ ∈ R with λ ≥ 0, µ ≥ 0 then λx + µy ∈ K. If D is a subset of K we denote by ∂ K D the boundary of D in the relative topology of K.
The following lemma is a consequence of fixed point index theory, cf. [7, Theorems 7.3 and 7.11]. It is an example of a fixed point theorem in conical shells, more information about this type of result can be found in [1, 8] .
and let S : Ω 2 → K be a completely continuous map (that is, continuous and maps every bounded set into a relatively compact set) with either
• There existsê
3. Main results. Our results are based on using a novel cone in R N . For a fixed γ ∈ (0, 1] and a fixed direction e ∈ R N , |e| 2 = 1 we define the cone
where | · | * is a norm in R N . Evidently, if N = 1 and e = 1 we get the cone of nonnegative numbers. On the other hand, if we take e = ( 
|u(t)| * and by E C the subset BC(R/T Z, C) ⊂ E.
We will use the related new cone in E that is defined as follows.
is a cone in the Banach space E. 
e, λu(t) + µv(t) .
This inequality together with the fact that C is a cone guarantees λu + µv ∈ K, and so K is a cone.
We also use certain relatively open subsets of K defined below; these allow us to get stronger results than if we used the following open sets based on balls 
In fact,
Proof. Since u(t) ∈ C, we have
Our first result is for the system (1) without a singularity, that is, f is continuous on R × R N . 
Then the system (1) has at least one
Proof. Firstly, by Lemma 1 and the T -periodicity of f in the first variable, we note that finding a T -periodic solution for (1) is equivalent to finding a fixed point for the operator N :
where G 1 is the Green's function written in (7) . Notice that from condition (H1) we get for
Thus N u(t) ∈ C for all t and N is well defined. Since f is continuous, using the Arzelà-Ascoli theorem it follows that N is completely continuous.
Next we show that N (W R ) is a subset of K. Indeed, using Lemma 2 and (H1) we have for u ∈ W R e, N u(t)) = 
, N u(t) .
Thus N (W R ) ⊂ K. In order to apply Lemma 3 we claim that:
We start with (I). Suppose that there exists u ∈ ∂ K W R and λ > 1 such that N u = λu. Then, u satisfies cR ≤ e, u(t) ≤ R for all t and there exists t * such that e, u(t * ) = R. From (H3) we get the contradiction
Therefore, claim (I) holds. Now, we consider (II). Letê(t) = e for all t, thenê ∈ K \ {0}. Suppose that there exists u ∈ ∂ K V r and λ > 0 with u = N u + λê. Then, u satisfies r = min 
and r ≤ e, u(t) ≤ r/c. Using condition (H2) we have for each t e, u(t) = e, N u(t) + e, λe =
Thus r = min t e, u(t) ≥ r + λ, which is impossible, and so (II) holds. Finally, from Lemma 3 we obtain that N has a fixed point u such that u ∈ W R \ V r .
Similarly, we have the following existence result for the system (2); the proof is similar so is omitted. Remark 1. For the non-singular case, in the above theorems we can suppose R < r and replace R by r in condition (H1). We then get another existence result. Of course the solution, in this new situation, satisfies u ∈ V r \ W R . In the singular case this interchange does not make sense.
We also have all the ingredients to present multiplicity results. We write one for completeness omitting the proof. H1) f (t, x) ∈ C for each t ∈ R and x ∈ C with e, x ≤ r 2 /c, (H2) e, f (t, x) ≥ k 2 r 1 for each t ∈ R and x ∈ C with r 1 ≤ e, x ≤ r 1 /c, (H3) e, f (t, x) ≤ k 2 R 1 for each t ∈ R and x ∈ C with R 1 c ≤ e, x ≤ R 2 , (H4) e, f (t, x) ≥ k 2 r 2 for each t ∈ R and x ∈ C with r 2 ≤ e, x ≤ r 2 /c.
Then, the system (2) has at least two periodic solutions.
4. Singular case. Lagrangian systems. In this section we shall show that it is possible to allow the nonlinearity f to have a singular behaviour at zero in the second variable. More precisely, we shall assume that f : e, f (t, x) = +∞ (15) uniformly in t.
We will use the following consequence of the Dugundji Extension Theorem [4] .
Lemma 6. Let E, X be Banach spaces, D ⊂ E and let F : C ⊂ D → X be continuous, where C is closed in E. Then, F has a continuous extensionF to
We can now prove the following result for attractive systems in the singular case. 
Then, the system (1) has at least one periodic solution in the singular case.
Proof. Because of the singularity given by (15) there exists 0 < r < cR such that (H2) in Theorem 1 holds for f . Now, take r * < r and consider the closed set
Letf be the continuous extension of
given by Lemma 6 and definef :
Denote by [t] the equivalence class of t in R/T Z. We easily see that f :
is continuous, T −periodic in the first variable and f (t, x) = f (t, x) for |x| 2 ≥ r * . Therefore, f satisfies conditions (H2) and (H3) of Theorem 1 since r * < r < e, x ≤ |x| 2 . Moreover, condition (H1) holds for f since for x ∈ C and |x| 2 < r * we havẽ
So, the system
has at least one periodic solution u ∈ W R \ V r by Theorem 1.
we see that u is a periodic solution of (1).
A similar argument gives the following result for singular repulsive systems. Now we deal with systems (3) and (4). Theorem 1.1 in [13] establishes an existence result for such systems when V is a potential of the form
with α, k positive numbers and there exists v ∈ R N + such that e, p(t) as a function of t does not change sign. As we remarked in the introduction, the proof given in [13] is only valid when p(t) − ∇V (x) ∈ R N + for all x ∈ R N + and t ∈ R, therefore the statement should include the stronger assumption p(t) ∈ R N + for all t. However, the intuition showed by the author is remarkably good since using our results we can show that it is true even in a more general framework.
Theorem 6. Assume that the potential V is given by (16) and that there exists e ∈ R N , |e| 2 = 1 such that e, p(t) as a function of t does not change sign. Then, the system (3) has at least one non-collision T -periodic solution for any k > 0, whereas system (4) has at least one non-collision T -periodic solution for every 0 < k < π/T .
Proof. We shall only show the first assertion by using Theorem 4. In this case f ≡ p − ∇V , therefore condition (15) holds and it is easy to find R > 0 such that (S2) in Theorem 4 holds.
Now assume e, p(t) > 0. Since p is periodic, there exists γ > 0 such that
We consider the corresponding cone C = C γ,e . To show that (S1) of Theorem 4 holds it suffices to show that for each x ∈ C the following inequality holds
But, using the fact that C is a cone, this is true because
The case e, p(t) < 0 is dealt with by using the symmetry of V .
Unfortunately, our results are not adequate to answer the question whether the Corollary 4.1 as stated in [13] is true in general. For the sake of completeness we write this below as a conjecture.
Conjecture 1. Suppose the potential is given by
where
If there exists e ∈ R N + such that −∇W satisfies (15) and e, p(t) > 0 for all t, then system (3) has at least one non-collision T -periodic solution for all k > 0.
As a direct application of Theorem 4 we obtain the following partial answer.
Corollary 1. Let us consider the potential
If there exists a cone C = C γ,e such that p−∇W satisfies (15) and p(t)−∇W (x) ∈ C for all t and x ∈ C, then system (3) has at least one non-collision T -periodic solution for each k > 0.
We now present an example to show that our results improve on previous ones even in the scalar case.
with a, k, λ ∈ R + and p ∈ C[0, 1]. We write 1] p(t) and p * = min
Equation (17) was considered in [11, 14] . In [11] it was proved that there exists a positive periodic solution if k ∈ (0, π] and the following inequality holds
On the other hand, in [14] it was proved that there exists a positive solution if k ∈ (0, π) and
As is pointed out in [14] assumptions (18) and (19) are not comparable. The result of Rachunková et al. covers the resonant case, however, some natural situations such as p ≡ constant are not covered by (18) but are covered by (19). Using our results we will present a better estimate than (19). 
Then, equation (17) has at least one positive 1−periodic solution.
, the proof is a direct application of Theorem 5 and we therefore omit it. In the following figures generated by Maple we present some plots which show how our estimate improves on the condition (19). Firstly, we consider k = π/2 and a = λ = 1 fixed, then the difference between the estimates (19) and (20) Clearly, we see that the difference between our estimate and (19) tends to infinity when the minimum of p tends to 0.
Similarly, if we fix p * = −1 and a = λ = 1 the difference between (19) and (20) is given by
and its representation appears in Figure 2 . 
